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Relativistic space-charge-limited bipolar flow

C. Litwin and R. Rosner
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Relativistic generalization of the Child-Langmuir law is derived for flows involving two oppositely charged
species. A large enhancement of the space-charge-limited current in the ultrarelativistic limit, in which both
species are accelerated to energies exceeding their rest-mass energies, is demonstrated.
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The subject of the present Brief Report is the generalizawheren is the particle density ang is the charge; here and
tion of the Child-Lamgmuir law{1,2] to the case in which in the following, subscriptst and — refer to positive and
the current is carried by two species of opposite electrimegative particles, which are emitted from the cathode (
charges, accelerated to relativistic energies. This case is re=0) and the anodedf=U), respectively.
evant to many astrophysical plasmas as well as to the future, Particle densities can be expressed in terms of particle
GeV range, ion diodes. For example, in the astrophysicaturrents].. and flow velocitiesu.. for each particle species:
context, the motional electric field in the pulsar magneto-
spheres is expected to give rise to potential differences as J.=Qg.n.U.. (4)
large as 18 V along the magnetic field linds]; similarly, _ N
in plasmas accreting on magnetized white dwarfs, electroln thg notation adopted here, all currents and vglocmes are
static potentials differences can arise that can accelerate pdtesitive and the total curredt=J, +J_. The particle mo-
ticles to energies much greater than proton rest-mass enerd@n is described in the cold two-fluid theory. Because of
[4]. Such large potential differences induce field-aligned curParticle number conservation, baih andJ_ are constant.
rents that may be carried by relativistic electrons and posiRelativistic energy conservation implies that
trons, as in the pulsar case, or by relativistic electrons and _
ions as in the accretion case. The simplest estimate of the U =c{l-[1t+a (1-] 3 ®)
magnitude of such currents is given by the one—dimensionaénd
approximation of Child-Langmuir theory.

Tr_\us let us co_nsider a steady-state, space:charge-limited u_=cll-[1+a_ & 342 (6)
flow in a planar diode, with electrodes perpendicular toxhe
direction and separated by distartceFor the case when the whereai:qu/mtcz, £=d/U, andm stands for particle
current is carried by only one nonrelativistic species, the remass.
lation between the current densityand the diode voltage With the aid of Eqs(4)—(6), the Poisson law3) can be
is given by the classical Child-Langmuir law, which can beintegrated once to yield
conveniently expressed in the form

dé\? 8mx(J
22 cu (d—x =m[a—+\/[l+a+(l—§)]2—l
J=—al/2 , (1) +
9 2md? J
+—[1+a_£°—1-Cy, (7)
wherea=qU/mc&<1, and whereg andm denote the par- a_

ticle charge and mass, respectively. ) _ ) ) )
The relativistic single-species flow in such a configurationWhereC is an integration constant. The diode current is at
was analyzed by Jory and Trivelpiefs] who found that, in  the space-charge limit when the electric field vanishes on

the ultrarelativistic regime, the Child-Langmuir law takes theP0th electrodes, that is, whett/dx=0 for =0 andé=1.
form From this, it follows that

J J_
;) cu | @ a—+\/(1+a+)2—l=a—\/(1+a,)2—l=c. 8
2d? i -

Observe thatl, ~J_ in the ultrarelativistic limit (.

When the current is carried by two species of opposite;, 1) “independently of the mass and charge ratios of in-
charge, the electrostatic potentilis governed by the Pois- ,q1yed species. This is in contrast to the nonrelativistic flow

son equation (a.<1) for which J_/J,=Ju where u=a_la,

qu) :m+Q—/m—Q+-
— =4m(g_n_—q.n,), 3) Inserting Eq.(8) into Eq.(7), and performing the integra-
dx? tion, for the total current one finally obtains
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I=Flas a2 (©)
=F(a,,a_)——,
" 27d?
where
1 2 —-1/2 —1/2
F(a+,a_)=z 1+Z + 1+I }
1 2£(1-¢)
g2y S5\ S
X[fodE \/(1 &+ @12

— -1 2
+\/§2+%—1} } . (10
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FIG. 1. The numerically computed dependertselid line) of

In general, the functiof has to be obtained by numerical InF(x,ux) on Inx for the electron-proton flowy = 1840); long- and
integration. As an example, a result of such an integration foshort-dashed lines show nonrelativistic and ultrarelativistic asymp-
the electron-proton flow case is shown in Fig. 1. We findtotes, given by Eqs(11) and (13), respectively; the intermediate
simplifying expressions in the following asymptotic regimes. 'egime[Eq. (12)] is shown by the dotted line.

(1) Nonrelativistic regimep..<1:

cuU
J=0.5861+u Y2 at?—. 11
QL p et (1)
(2) Intermediate regiméfor u>1), a,<1<a_:
3= m? cU 12
4 27d?’
(3) Ultrarelativistic regimea.>1:
cuU
J=2(1+u 1?2« . 13
( M ) +27Td2 (13

These asymptotic formulas are compared with the numerical
solution in Fig. 1.

Observe that, in the ultrarelativistic regime, the functional
dependence of current on voltage in the two species case
(J~U?) is qualitatively different from that for the single-
species casel(-U); this is in contrast to the nonrelativistic
and intermediate regimes in which the current, while en-
hanced by a factor on the order of unit§], has the same
functional dependence on voltage in both cases. This addi-
tional enhancement of the space-charge-limited current in the
ultrarelativistic regime is due to the fact that, to the lowest
order in 1k, densities of both current-carrying species are
equal; thus the current can be increased without a corre-
sponding increase in the space charge.
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